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Abstract
Weintroduceanewanalyticalmethodforstudyingtheopenquantumsystemsproblemofadiscrete
systemweaklycoupledtoanenvironmentofharmonicoscillators.Ourapproachisbasedonaphase
spacerepresentationofthedensitymatrixforasystemcoupledtoatwo-tieredenvironment.The
dynamicsofthesystemanditsimmediateenvironmentareresolvedinanon-Markovianway,andthe
environmentalmodesoftheinnerenvironmentcanthemselvesbedampedbyawider‘universe’.
ApplyingourapproachtothecanonicalcasesoftheRabiandspin-bosonmodelsweobtainnewanaly-
ticalexpressionsforaneffectivethermalizationtemperatureandcorrectionstotheenvironmental
responsefunctionsasdirectconsequencesofconsideringsuchatieredenvironment.Acomparison
withexactnumericalsimulationsconﬁrmsthatourapproximateexpressionsareremarkablyaccu-
rate,whiletheiranalyticnatureofferstheprospectofdeeperunderstandingofthephysicswhichthey
describe.Auniqueadvantageofourmethodisthatitpermitsthesimultaneousinclusionofacon-
tinuousbathaswellasdiscreteenvironmentalmodes,leadingtowideandversatileapplicability.
1.Introduction
Theﬁeldofopenquantumsystems,originallydevisedforquantumopticsproblems,hasrecentlygained
signiﬁcanttractioninthestudyofcondensedmattersystems:thisisduetotheexquisitelevelofquantumcontrol
thatisbecomingavailableoverincreasinglymesoscopicsolidstatesystems,aswellasthetantalizingprospect
thatnatureitselfmaybeharnessingquantumeffectsunderadverse‘warmandwet’conditions,e.g.in
photosynthesis[1,2]andtheaviancompass[3,4].Incurrentliteraturethereisarangeofmethodstoevaluate
theevolutionofageneralopenquantumsystem,fromthestraightforwardbutapproximateweak-coupling
masterequationapproach[5]throughtothefully-numericalpathintegralbasedonquasi-adiabaticpropagator
pathintegral(QUAPI)[6–10].Itisimportanttoﬁndwaysoftreatingquantumsystemsembeddedin
environmentsthatarerealisticallycomplex,bothintermsoftheirstructureandtheirnon-Markoviannature
(i.e.environmentswhichhavea‘memory’).Whenanewapproachisanalyticratherthannumerical,thereisthe
considerablebeneﬁtthatonegainsaroutetointuitiveinsightaswellasasimulationtool.
Inthispaperweintroduceamethodbasedonasequenceofthreesteps:ﬁrst,weintroducethe‘Pmatrix’,
whichallowsaphasespacedescriptionofamultilevelsystemcoupledtocomplexenvironment.Second,we
performaperturbativeexpansionoftheresultingdynamicalsolution.Finally,weexpressthereduceddynamics
intermsofaninﬂuencefunctional,aquantitywhichallowsnewinsightsintothebehaviourofopensystems.
Ourmethodisintuitive,highlyaccurateaslongasthesystemenvironmentcouplingdoesnotgettoolarge,and
worksforgeneralspectraldensities.Incontrasttomanyconventionalopenquantumsystemapproaches,such
asthosementionedabove,weconsiderahierarchicalenvironmentconsistingoftwotiers.Theoutertier
representsazero-correlation-timeheatbaththatactsonaninnertierthatistheimmediateenvironmentofthe
system.Theinnertiermayconsistofasingleharmonicoscillator,acontinuousbathofoscillatormodes,orany
additivecombinationthereof.
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©2015IOPPublishingLtdandDeutschePhysikalischeGesellschaftPreviousworkssuchas[11–13]considersimilarlytieredenvironmentsforadifferentconceptualreason:in
thosecasesasingleenvironmentaltierissubdividedwiththepurposeofcapturingmoreaccurate,non-
Markoviandynamics.Inasimilarmanner,[14]considersasecondtierwhichisconstantlyrandomizedfor
gaininganumericaladvantageinsimulatingasinglytieredenvironment.Bycontrast,ourapproachhereisnot
motivatedby‘mathematical’conveniencebutisratherdesignedtocaptureacommonlyoccurring‘physical’
reality.ThislattermotivationhadalreadybeenappliedtosomespeciﬁcmodelssuchasthedampedJaynes–
Cummingsmodel[15,16]andﬁctitiousharmonicoscillators[12],andtheideahasledtothetheoryofpseudo-
modes[17](intrinsicallyrestrictedtozerotemperature).Asimilarideaunderliestheso-called‘reaction
coordinate’method,wheretheinnertierisasingleharmonicoscillatorthatiscoupledtoawiderenvironment
[18–20],anapproachthatisoftenreferredtoasa‘structuredenvironment’intheliterature[21–24].This
methodemploysamappingbetweentheoriginalenvironmentandaspin-bosonmodelwithaneffectivespectral
density[18].
Themethodweintroducehereappliestoageneralchoiceofsystemandbosonicenvironmentatﬁnite
temperature,andthetwoenvironmentaltierstypicallyrepresentdifferentenvironmentalinﬂuences.Therealso
existmethodsformodellingalongorinﬁnitechainofidenticalenvironmentaltiers,forexample,theproblemof
aquantumsystemcoupledtotheendofalinearchainoffermions[25]orbosons[26].Weremarkthatour
methodremainsapplicablewhenthereisnonaturaldivisionintoseparatetiersandonlyasingleenvironmentis
considered(orwhenbothtiersarisefromthesameenvironment).Inthiscasewestillobtainnon-Markovian
contributionstothedynamics,andwhenappliedtocanonicalcases,werecoverknownresultsfromthe
literature.However,ourmethodismoredistinctivewhentwodifferentenvironmentalinﬂuencesarepresent.
Anotheractiveareaofresearchonopenquantumsystemsisthatofhierarchicalequations,whichwas
pioneeredbyTanimura[27–29]inthelate80ʼs.Thisincludeshierarchicalequationsforboththedensitymatrix
[30–33]andwavefunction[34],generallyrelyingonaspeciﬁcformofthememorykernelofthebath.Non-
Markovianstatequantumstatediffusion[35–37]alsomakesuseofahierarchyofabstractfunctionalsandhas
recentlybeenusedtostudyenergytransferinmolecularaggregates[38].Note,however,thatthetechnique
presentedinthispaperisconceptuallyquitedifferentfromanyofthesehierarchicalapproaches,sinceour
interestfocussesonadoublytieredphysicalenvironmentinsteadofmathematicalhierarchiesofequations.
Ourapproachofusingatwo-tieredenvironmentmakesourtechniqueparticularlysuitableformodelling
severaloftoday’smostintenselystudiedexperimentalsystems:thisincludesmanyexamplesofdiscrete
quantumsystemsinteractingwithanopticalormechanicalresonator,suchas,e.g.,NV
−centresondiamond
cantilevers[39,40],quantumdotsoncarbonnanotubes[41,42],nanomechanicalresonatorscoupledto
quantumdots[43]orsuperconductingqubits[44],andsuperconductingcircuitQED[45,46].Eachofthese
systemsfeaturesahighqualityresonator,somewithextremelyhigh—thoughofcourseﬁnite—Qfactors,aswell
asadiscretesystemwhoseinteractionwiththeenvironmentwillingeneralnotbeentirelyrestrictedtothe
resonator.
Additionally,ourtechniquecanbeappliedtothestudyofnanoscaleenergytransfer.Forexample,the
interplayofvibrationalmodesandtheexcitonicstatesinmolecularstructuresarethoughttobekeytofully
understandingphotosynthesis[1].Indeed,adominantcouplingofanenergytransfercomplextoasmall
numberofdiscretevibrationalmodesmayberesponsibleforefﬁcientenergytransfer[47],andpreviouswork
hasshownhowacontinuousspectrumofmodescanbemappedontoabathplusoneormorecoupledand
discreteoscillatormodes[48,49].However,newtheoreticaldevelopments,andfurtherexperiments,areneeded
tounderstandthefunctionalroleofdiscretemodesinenergytransfersystems.Thetheoreticalframeworkwe
describehereisidealforstudyingthiskindofsystem-discretemode-bathsystemandisapplicableacrossawide
rangeofparameterspace.Forexample,itcanaccuratelyreproducetheenergytransferdynamicsoccurringin
theFMOcomplex[50].
Toillustrateourmethod,weshowthatitdeliversahighlyaccuratedescriptionoftheubiquitousRabimodel,
evenwhentheoscillatorisdampedbyalargerenvironment.Asasecondexample,wetakethespin-boson
model,showinghowourmethodreducestotheweak-couplingresultsintheappropriatelimit,whilstingeneral
givingbetteragreementwithexactQUAPIcalculationsthantraditionalweak-couplingtechniques.Moreover,
sincewedonotrestrictourselvestotheMarkovianlimitwithastaticenvironment,weareabletoexplorethe
casewherethebathoscillatorsarethemselvescoupledtoalargerenvironment,andwederiveanalytical
expressionsforthedecoherenceanddephasingratesforthiscase.
Thispaperisorganizedasfollows:insection2wedeﬁneourmodelandgiveabriefintroductiontothe
coherentstaterepresentation,andintroducetheinﬂuencefunctional.Section3introducestheperturbative
solutiontothecasewheretheenvironmentisasingledampedvibrationalmode.Insection4weexaminethe
caseofamorecomplexenvironmentwhichisdeﬁnedviaageneralspectraldensity,andshowthatuptosecond
orderinperturbation,eachmodecontributesindependentlytothedynamics.Section4.1studiesthespin-boson
model,comparingourmethodtootherapproaches,andﬁnally,insection5,wesummarizeourresultsand
discussthevalidityofourtechnique.
2
NewJ.Phys.17(2015)023063 AFruchtmanetal2.Coherentstaterepresentationandmodel
2.1.Model
WestartwiththeHamiltonian
=++++      (1) SEIUE U
whereSistheHamiltonianofthegoverningthesystemofinterest.Weshalltakethe‘systemHamiltonian’to
bedeﬁnedonadiscrete,ﬁnite-dimensionalHilbertspace,onwhichmeasurementscanbeperformed.Noother
assumptionsarenecessary,andinparticularSdoesnotneedtobetime-independent.Theterm
ω = ∑  aa k k k k E
† representsanenvironmentconsistingofharmonicoscillators,whereak
†(ak)isthecreation
(annihilation)operatorforamodewithangularfrequencyωk.Theterm = ∑ +  Vg a a () k k k k I
† isthe
interactioncouplingthesystem(viathesystemoperatorV)totheenvironment.
Equation(1)alsoincludestermsthatallowourenvironmenttobecoupledtotherestoftheuniverse
denotedbyU.Whensuchawiderenvironmentispresent,weassumethatitiswellapproximatedbyaninﬁnite
heatbaththatiskeptinathermalstate.Theoscillatormodesoftheimmediateenvironmentarethen
dynamicallydriventowardsathermalstatebyvirtueoftheenvironmenttouniversecouplingtermEU.
However,unlikeconventionalBorn–Markovweakcouplingapproacheswhichcommonlykeeptheentire
environmentﬁxedinthermalequilibrium,theinnertiermodeswillingeneraldeviatefromthethermalstate.
Weshallshowthisaddsanexponentialcut-offtotheresponsekernel.Figure1givesanillustrationofourmodel.
Insteadofexplicitlytreatingthecouplingbetweentheenvironmentandtherestoftheuniversewitha
microscopicderivation,wemakethesimplifyingassumptionthatEU issmallenoughthateachmodeωk ofthe
environmentsimplyexperiencesdampingwithrateγk viastandardLindbladoperators(foraderivationsee,e.g.,
[5]).Forthistobeconsistent,twoconditionsmustbesatisﬁed:ﬁrstly,thedampingrateγ ω ≪ k k mustbesmall
foreachmode,becausethisistheparameterregimeassumedinthederivationofthedampedharmonic
oscillatormasterequation.Secondly,thesystem-environmentcouplingdescribedbyI maynotbecometoo
largeeither,otherwisethedampingLindbladoperatorsactingoneachmodeareinﬂuencedbythepresenceof
thesystemandoursimpleindependentchoiceceasestobeagoodapproximation[51](alsosee[15]fora
discussionofthisapproximationinthecontextoftheresonantdampedJaynes–Cummingsmodel).
Finally,weassumethattheinitialdensitymatrixcanbefactorizedasρ ρρ =⨂ (0) (0) s E
th withtheinitial
thermalstateoftheenvironmentbeing ρ β =− −  exp ( ) E
th 1
E ,(where istheappropriatenormalization
factor).
2.2.Coherentrepresentation
TorepresentthedensitymatrixofasingleharmonicoscillatorweusethecoherentstateorPrepresentation[52],
whichhasbeenextensivelystudiedinquantumoptics.Thecoherentstaterepresentationmapsbetweenthe
densitymatrixofaharmonicoscillatorρandafunctionoftwocontinuousvariables αα P(, *)via
∫ ρα α α α α = () P d, * ,( 2 ) 2
where α ∣〉 isthecoherentstatedeﬁnedas α ∣ 〉= ∣〉 αα − e0 * aa †
oralternatively αα α ∣〉 = ∣〉 a ,and
αα α ≡ dd R e ( ) d I m ( ) 2 .Themappingyieldsthefollowingoperatorcorrespondence[52]:
ρα ↔ aP ,( 3 )
ρα ↔ aP * ,( 4 ) †
Figure1.Anillustrationofthemodelunderstudy.Thesystemofinterestiscoupledtoanimmediateenvironment,whichisinturn
coupledtothewider‘universe’.Theenvironmentismodelledasasetofharmonicoscillators,whereasthe‘universe’weaklydampens
eachoftheseoscillatorstoathermalstate.
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α
↔−
∂
∂
aP * ,( 5 ) † ⎜⎟ ⎛
⎝
⎞
⎠
ρα
α
↔−
∂
∂
aP
*
.( 6 )
⎛
⎝
⎜
⎞
⎠
⎟
Forasystemwithstates∣〉 i coupledtoanoscillator,insteadofaPfunctionwenowneedaPmatrixtorepresent
thedensitymatrix
∫ ∑ ρα α α α α = () Pi j d, * ,, . ( 7 )
ij
ij
,
2
,
Generalizingfromasinglemodetoasetofmodesisstraightforward,withthecorrespondingsetofvariables
αα ↔ aa { ,}{ ,} k k k k
† * and
∫ ∑∏ ρα α α α α = () {} Pi j d, , { } , { } . ( 8 )
ij k
ki j k k kk
,
2
, *
⎛
⎝
⎜ ⎜
⎞
⎠
⎟ ⎟
Apartialtraceovertheoscillatorspaceisgivenby
∫ ∑∏ ρα α α = () {} Pi j Tr ( ) d , . (9)
ij k
ki j k k osc
,
2
, *
⎛
⎝
⎜ ⎜
⎞
⎠
⎟ ⎟
Fornotationalease,fromhereonweswitchtoavectorizedformofthedensitymatrixandoperators,mapping
n×nmatricesAij , tovectorsAi ofdimensionn
2.Further,weusethegeneralizedGell-Mannmatriceswiththe
notationfrom[53].Forann-sitesystem,theseconsistof − n 1 2 tracelessandHermitianmatrices
ν νν ⋯ − ,,, n 12 1 2 ,deﬁningafulloperatorbasistogetherwiththeidentitymatrix
4.AdoptingtheEinstein
summationconvention,wherei jk ,, runfrom1to − n 1 2 ,thegeneralizedGell-Mannmatricessatisfy:
νν δ ν =++ () n
di f
2
(10) i j ij ijk ijk k
νν ν = if [ , ] 2 (11) ij ijk k
νν δ ν =+
n
d {, }
4
2 , (12) i j ij ijk k
wherefijkanddijkaretotallyantisymmetricandsymmetrictensors,respectively.For ϵ == n f 2, ijk ijk theLevi-
Civitasymboland = d 0 ijk .Anyn×nmatrixPcanbewrittenasavectorPi:
ν =+  PP P , (13) ni i 2
ν = PP
1
2
Tr , (14) ii ⎡ ⎣ ⎤ ⎦
= Pn P (1 ) Tr [ ]. (15) n2
Usingthisvectorizedformwecanwritethedensitymatrixas
∫ ρν α α =+
α
 () PP {} {} , ( 1 6 ) ni ik k 2
whereforconveniencewedenote∫∫ α ≡ ∏
α d k k
2 ,and αα = P P({ , }) k k
* .Thecondition ρ = Tr1 implies
∫ αα α = Pn d( , *)1 n
2 2 ,andweareinterestedinthepartialtraceovertheenvironment
∫ ρν ρ ν =+ ≡ +
α
 () PP n (1 ) . (17) s ni i i
s
i 2
2.3.Theinﬂuencefunctional
Atthisstage,weusethefollowingformforwritingdownthefulldynamicsofthereducedsystem:
ρρ = Θ tU t ( ) ( )e (0), (18) st s ()
whereU(t)isthepropagator(inthevectorizedrepresentation)ofthesystemwithouttheenvironment,andthe
inﬂuenceoftherestoftheworldonthesystemisencodedintheinﬂuencefunctionalΘ t () .Themotivationfor
thiscomesfromtheFeynman–Vernoninﬂuencefunctional[54]ofthesameform.Further,weanticipatethat
4Forn=2(aqubit)ν σ = ii arethePaulimatrices,andforn=3wegettheGell-Mannmatricesν λ = ii .
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mainresultofthispaperisthatitispossibletoﬁndanexactexpansionofΘ t () asaperturbationserieswith
respecttotheinteractionI,andexpansionuptosecondorderrecoverstheknowndephasingandrelaxation
ratesgivenbystandardBorn–Markovweakmaster-equationtechniques,butwithanaddednon-Markovian
contribution.
3.Asinglemode
Letusﬁrstexaminethecasewheretheenvironment ω =  aa E
† consistsofonlyasinglemode.Whentakinga
two-levelsystem(2LS)asthesystem(alimitationwhichisnotrequiredinthefollowing),thenthisisjustthe
well-knownRabimodel.
Initsvectorizedform,thesystem-environmentpartofHamiltonian(1)canbedecomposedto
ν =  tH t () () , ( 1 9 ) ii S
ω =  aa , (20) E
†
=+  () tg V t a a () () , ( 2 1 ) I
†
ν =+  Vt Vt V t () () (). ( 2 2 ) ii n 2
Thentheoperatorcorrespondencebetweenρand ⃗ P,withthevector αα α ⃗ =⋯ P PP P [() , () , , () ] n 12 2 yields:
ρρ ρ
∂
∂
=− + + + ↔
∂
∂
⃗ =− + ⃗ + ⃗ ×   () t
D
t
PL P g A P i , ( ) i . (23) g SEI S ⎡ ⎣ ⎤ ⎦
Here ρ D() istheLindbladdissipatorinducedby +   UE U ,whichdampstheoscillatorwithrateγ.The
operator
ωγ
α
αω γ
α
αγ
αα
=− +
∂
∂
++
∂
∂
+
∂
∂∂
LN
i
2
i
2 *
* i
*
(24)
2
⎜⎟ ⎜ ⎟ ⎛
⎝
⎞
⎠
⎛
⎝
⎞
⎠
issimplythecorrespondingPrepresentationFokker–Plankoperator[5],i.e.forasingledampedoscillatorthe
masterequationwouldread =−
∂
∂ PL P i
t ,where βω =− − N [exp ( ) 1] 1 isthemeanoscillatoroccupation
numberatthermalequilibriumwithinversetemperatureβ = − kT () b
1.Inthevectorizedrepresentation,the
terms−
×  P i S andgAP g taketheplaceof ρ −  i[ , ] S and ρ −  i[ , ] I ,respectively,wherethematrices ×  A , g S are
givenby
=− ×  tH t f ( ) 2i ( ) , (25)
ij
k kij S ⎡ ⎣ ⎤ ⎦
== ××  () () 0, (26)
in n i S , S , 22
δ
αα
=− − +
−+ − −
α α
α α
∂
∂
∂
∂
∂
∂
∂
∂
()
()
At Vt d Vt
Vt f
() i () ()
22 * ( ) , (27)
*
*
g
ij
kk i jn i j
k kij
2 ⎡ ⎣ ⎤ ⎦ ⎡ ⎣ ⎤ ⎦
α α
=−
∂
∂
−
∂
∂
AV i
*
, (28) g
in
i
, 2
⎡ ⎣ ⎤ ⎦
⎛
⎝
⎜
⎞
⎠
⎟
α α
=−
∂
∂
−
∂
∂
A
n
Vt i
*
2
( ), (29) g
ni
i
, 2
⎡ ⎣ ⎤ ⎦
⎛
⎝
⎜
⎞
⎠
⎟
α α
=−
∂
∂
−
∂
∂
AV t i
*
( ). (30) g
nn
n
, 22
2 ⎡ ⎣ ⎤ ⎦
⎛
⎝
⎜
⎞
⎠
⎟
Notethat
× S isHermitian,andthepropagatorU(t)satisﬁes
∂
∂
=− × 
t
Ut Ut ( ) i ( ), (31) S
=  U (0) . (32)
Thecentralstrategyofthispapernowistosolveequation(23)perturbativelywithgbeingthesmall
parameter,basedontheform(18)ofthefullsolutioninordertoestimatetheinﬂuencefunctionalΘ t () .
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Fortheperturbationtreatment,weusetheexpansion
=+ + + ⋯ PP g P g P , (33) 01 2 2
henceequation(23)translatesto:
∂
∂
=− + ×  () t
PL P i , (34) 0
S
0
∂
∂
=− + + ×  () t
PL P A P i , (35) g
1
S
10
∂
∂
=− + + ⋯ ×  () t
PL P A P i , (36) g
2
S
21
∂
∂
=− + + × −  () t
PL P A P i . (37) nn
g
n
S
1
ThesolutionfortheuncoupledsystemP
0issimplygivenby
ρ
π
= α − Pt U t
N
() () ( 0 )
1
e (38) sN 0 2
withρ ρρ ρ = − tt t t n ( ) [ ( ), ( ),..., ( ), 1 ] s ss
n
s
12 1 2 .Inprincipleitispossibletosolvethisseriestermbyterm.However,
weareinterestedinthestateofthesystemandnottheoscillator,whichmakesthingsmucheasier:weusethe
boundaryconditionwhereα α ⟶
α→∞
P () 0 kn forallkn , .Thisisjustiﬁedsincetheoscillatorcanbeexpectednotto
deviatebytoomuchfromathermal,Gaussianstate,anditcertainlyalsoshouldnotoccupyextremehigh-energy
states.Thereforeperformingtheintegration∫∫ α ≡
α d2 onequations(35)–(37)yields
∫∫ ∫ αα
∂
∂
=− − +
αα α
× ×
→

    () t
PP V P ii * , (39) 1
S
10
0
∫∫ ∫ αα
∂
∂
=− − +
αα α
× ×  () t
PP V P ii * , (40) 2
S
21
⋯
∫∫ ∫ αα
∂
∂
=− − +
αα α
× ×−  () t
PP V P ii * , (41) nn n
S
1
where
=− × () VV f 2i , (42)
ij k kij
== = ××× () () () VVV0, (43)
i n ni nn ,, , 22 2 2
isthematrixequivalenttothesuperoperator □ V [, ] .Theinitialconditionis∫ ==
α
> Pt (0 ) 0 n 0 ,i.e.attime
t=0thequbitandthemodearefactorized,andthemodeisinthethermalstate,whichgives
∫ α =
α
Pt ( , ) 0 (44) 1
foralltimes.Theﬁrstcontributionintheexpansionthereforecomesfrom∫ α ≠
α Pt (,) 0 2 ,whichis2nd orderin
thecouplingconstantg.ThisisinanalogytotheusualQMEtreatment,wheretheinﬂuenceoftheenvironment
alsoentersatthe2nd orderinthecouplingconstant.Inordertosolveequation(40)weﬁrstneedtoevaluate
∫ αα +
α P ( *) 1,whichcanbedonebyinvokingthefollowingmathematicalprocedure:(i)multiplyequation(35)
byαorα*fromtheleft;(ii)performthe∫α integral;(iii)integratebypartsalltermspossessingaderivative.The
sequenceofthesestepsyieldsthefollowingtwoequations:
∫∫ ωγ α α
∂
∂
++ + =
αα
× 
t
tP A t P i
1
2
i ( ) ( ) , (45) g S
10 ⎡
⎣ ⎢
⎤
⎦ ⎥
∫∫ ωγ α α
∂
∂
−+ + =
αα
× 
t
tP A t P i
1
2
i( ) ** ( ) , (46) g S
10 ⎡
⎣ ⎢
⎤
⎦ ⎥
whichafterabitofalgebraandODEsolvingyieldasolutionfor∫α P1.Substitutingthissolutioninto
equation(40)thenresultsin
6
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ωρ
=− ′ ″ ′ × + ′− ″ ″
−′ − ″ ′ ′
α
γ
′
− ′− ″ ××
◦
PU t t t V t N t t V t
tt V t
() d d e ˜ () ( 2 1 ) c o s [ () ] ˜ ()
is i n[ () ] ˜ ( ) (0). (47)
tt
tt
s
2
00
() 1
2 ⎡ ⎣
⎤ ⎦
Here,thenotation
×◦ V V ˜ , ˜ denotesoperatorsintheHeisenbergpicture,
≡ − Vt U tVtUt ˜ () () () () , ( 4 8 ) 1
and
◦ V ˜ istheequivalentof □ V { ,} andisgivenby
= ◦ () VV t 2 ( ), (49)
in i , 2
= ◦ () V
n
Vt
4
( ), (50)
ni i , 2
δ =+ ◦ () VV t d V t 2 ( ) 2 ( ) , (51)
ij kk i j n i j , 2
= ◦ () VV t 2 ( ). (52)
nn n 22
2
AtthispointwenotethattheinﬂuencefunctionalΘ t () uptosecond-orderingisthengivenbyequation(47)
and
∫ Θρ =
α
Ut t g P () () ( 0 ) . ( 5 3 ) s 22
Weproceedbyshowingthatthisprovidesahighlyaccuratesolutionforthesinglemodecaseintheweak-
couplinglimit.Weshallthengeneralizethetechniquetoanenvironmentconsistingofa(quasi)continuousbath
ofoscillators.InappendixBwesketchthederivationofhigher-ordertermsintheperturbationseries.
3.2.Example:the(damped)Rabimodel
TheRabimodel,consistingofacoupled2LStoaharmonicoscillator,representsperhapsthemostbasicand
ubiquitouscompoundquantumsystem.Focussingonlyonthedynamicsofthe2LSandtracingoverthe
oscillatorthenresultsinarguablytheconceptuallymostsimpleandyetahighlynon-trivialopensystems
problem.LetusconsidertheRabiHamiltonian
ϵ
σ
Δ
σω σ =++ ++ ++   () aa g a a
22
, (54) zx z
††
EU U
whereσi aretheusualPaulimatricesreferringtothe2LS.Inthiscase,weimmediatelyﬁndthatthematrices
× ×◦  VV ,, S aregivenby:
ϵ
ϵΔ
Δ
≡
−
− × 
0i0 0
i0 i 0
0i 00
00 00
, (55) S
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
=
−
× V
02 i 0 0
2i 0 0 0
000 0
000 0
, (56)
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
= ◦ V
0000
0000
0002
0020
, (57)
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
whenoperatingonthevector σσσ { ,,, } xyz
†.Substitutingtheseintoequation(53),weobtainanunwieldy
analyticalexpressionforΘ t () ,whichcangiveusinsightifexaminedintheeigenbasisofthesystem(the × S
eigenbasis):thetop3×3partof × S hastwoﬁniteandonevanishingeigenvalue( ϵΔ ±+ {0, } 22 ).Inthis
basis,therealtermsonthediagonalofΘ t () thatareproportionaltotandcorrespondtotheﬁniteeigenvalues,
arebothequaltothedephasingrate.Theonecorrespondingtothevanishingeigenvalueistherelaxationrate.
Theseratesaregivenby
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βω Δ
Ω
γ
Ωω
γ
Ωω
=
+−
+
++
γγ () ()
g coth
2 () ()
, (58) relax
2
2
2
2
2 2
2
2 2
⎜⎟ ⎛
⎝
⎞
⎠
⎛
⎝
⎜
⎜ ⎜
⎞
⎠
⎟
⎟ ⎟
ΓΓ
βω ϵ
Ω
γ
ω
=+
+
γ ()
g
1
2
2c o t h
2
, (59) dephase relax
2
2
2
2
2 2
⎜⎟ ⎛
⎝
⎞
⎠
whereΩϵ ω =+ 22 istheRabifrequency.Notethatinthelimitγ → 0,i.e.nodampingontheoscillatorfrom
thewiderenvironmentoruniverse,werecoverthestandardBorn–MarkovMEresultforrelaxationand
dephasing,giveninequations(C11)–(C12).TheimaginarypartsonthediagonalofΘ t () correspondtothe
LambshiftHamiltonian,givenby
σ
βω Δ
Ω
Ωω
Ωω
Ωω
Ωω
=
−
+−
+
+
++
γγ

() ()
g
1
2
˜c o t h
2 () ()
, (60) LS z
2
2
2
2
2 2
2
2 2
⎜⎟ ⎛
⎝
⎞
⎠
⎛
⎝
⎜
⎜ ⎜
⎞
⎠
⎟
⎟ ⎟
whereσ ˜z isgivenbywritingthesystemHamiltonian,i.e.theﬁrsttwotermsinequation(54)initsdiagonalbasis
Ωσ =  ˜ 1
2
˜ . (61) z S
Again,inthelimitγ → 0werecoverthe‘standard’Lambshiftgiveninequation(C7).Furthermore,wecan
extractthesteadystateofthesystematlongtimes:attimesmuchlargerthantherelaxationtime,thesystem
tendstothestate
ρΓ σ
Ωω
Ωω
βω
≫→ −
++
γ
−
()
() t
1
2
1
2
˜
2
tanh
2
. (62) z relax
1
2
2 22
⎜⎟ ⎛
⎝
⎞
⎠
Thisisindeedonlytheexpectedthermalsystemstatewhenγ → 0andωΩ → ,i.e.nodampingandwhen
oscillatorandsystemareresonant.However,oneshouldtakethislimitwithcaution,becauseforvanishing
damping,γ → 0therelaxationtimeΓ
−
relax
1 tendstoinﬁnityandthesystemwillthusneveractuallyreachthisstate.
Inﬁgure2weplottheeffectivetemperature,thatis,thetemperatureTeff givenbyequating − kT exp [ ˜ ] sb eff with
equation(62).Onthesameﬁgureweplottherelaxationrateforthesameparameters,showingaLorentzian
peakinefﬁciencynearresonance.
Wenotethatingeneraltheeffectivetemperaturediffersfromthetemperatureoftheuniverse.Inorderto
explainthisapparentdiscrepancy,weexamineequation(62):theuniverseisonlydirectlycoupledtothe
oscillatorwhichhasenergylevelsspacingofω,thisaccountsfortheterm
βω tanh( )
2 whichisdifferentfromthe
expected
βΩ tanh( )
2 .Thistermdecreases(increases)theeffectivetemperatureTeff whenthemodeisblue-shifted
(red-shifted)withrespecttotheRabifrequencyΩ.Thepre-factor
Ωω
Ωω
Ωω
Ωω ++
=−
−+
++
γ
γ
γ ()
()
()
2
1
()
(63)
2
2 22
2
2
2
2
2 22
Figure2.Theapparenteffectivetemperatureofthesystemasdeﬁnedbyequation(62)(blue),andtherelaxationconstantΩΓ g relax
2,
asinequation(58),(dashedred)asafunctionofωΩ .Otherparametersare:βΩ = 1,γ ω = 0.1andϵ = 0(nobias).
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universeexchangesenergywiththeoscillatortomatchthedetuning.Thisaddsuncertaintytothesystem
effectivelyincreasingthetemperature.Thesystem-environmentcouplingγaddsadditionaluncertainty.
Wealsonotethatinthisschemewedonotkeeptrackoftheenvironment,onlytraceoverit.Thethermal
stateofsystem+environmentisproportionalto β −+ +  exp [ ( )] SEI ,i.e.thesystemandenvironment
areentangled,anddeﬁningatemperatureofjustonesubsystemisquestionable.
Theexamplewediscussinthissectionisformallyequivalenttothereactioncoordinate[18–20]or
structuredenvironment[21–24]modelintheweakcouplingandweakdampingregime.Here,thereaction
coordinatemodelemploysaneffectivespectraldensitywithaLorenzianpeak,yieldingthesameratesas
equations(58)–(60)exceptforthe‘counterrotating’terms Ωω ∼ + − () n (whicharetypicallysmall).
Interestinglyhowever,thisniceagreementonlyextendstotherealpartoftheresponsefunction,D(t),which
determinesthedampingrates.Bycontrast,themodiﬁedspectraldensityofthereactioncoordinatemethoddoes
notaccountforcorrectionstotheimaginarypartD t () 1 ,whichyieldsthelongtimeasymptoticbehaviourofthe
system.Toensurethatourapproachdoesindeeddeliverthecorrectsteadystate,wehavemadeacomparison
withanexactnumericalsimulationofthedynamicsgivenbyHamiltonian(54)(with +   EU U replacedbya
Lindbladdissipator).Weobtainperfectagreementbetweenequation(62)andapurelynumericalsimulationin
theweakcouplingregime.
Inﬁgure3weplotacomparisonbetweenequation(18)withΘ t () approximatedbyequation(53),andexact
numericalsimulation,showingthatfortheweak-couplingregimethereisaverygoodagreementbetween
thetwo.
4.Extendingtheanalysistoamultimodeenvironment
Intheprevioussectionthe‘environment’consistedofonlyonesingleharmonicoscillator.However,adding
multipleoscillatorsisstraightforward,andintheweakcouplinglimit,whereenvironmentalinﬂuenceis
assumedtobesmall,eachenvironmentalmodecontributestotheinﬂuencefunctionalΘ t () independently.The
differenceisthatnowtheenvironmentHamiltonianE hasasetofmodes,andinourvectorizedformthe
equivalentofequations(19)–(22)becomes
ν =  tH t () () , ( 6 4 ) ii S
∑ω =  aa, (65)
k
k k k E
†
∑ =+  () tg V t a a () () , ( 6 6 )
k
k k k I
†
ν =+  Vt Vt V () () . ( 6 7 ) ii n 2
ThederivationforthiscaseisverysimilartothesinglemodecaseandisgiveninfulldetailinappendixA.
Oncemore,theinﬂuenceofthebathonthesystem’sdynamicsisgivenbyequation(18),wherenow
∫∫ Θ =− ′ ″ ′ × ′− ″ ″ + ′− ″ ″ γγ
′
×× ◦ tt t V t D t t V t D t t V t () d d ˜ () ( ) ˜ () i ( ) ˜ ( ) . (68)
tt
00
1 ⎡ ⎣ ⎤ ⎦
Figure3.Acomparisonbetweenthedynamicsgivenbyequation(18)withΘ t () approximatedbyequation(53)(solid)andexact
numericalsimulationofHamiltonian(54)dynamics(dotted).TheParametersusedhereareΔ = − 0.6 ps 1,γ = − 0.8 ps 1,
ϵ = − 1.3 ps 1,ω = − 0.2 ps 1, = − kT 1p s b
1,g=0.03.Theapproachtoequilibriumisnotprominentinthiscasebecauseofthelong
relaxationtimeΓ ≈
− 3000 ps relax
1 .ThedephasingtimeismuchshorterwithΓ ≈
− 17ps dephase
1 .
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NewJ.Phys.17(2015)023063 AFruchtmanetalHereA ˜1,2aregivenbyequation(48),andweadaptournotationtomatchthatcommonintheliteratureon
phononbaths,introducingthe(damped)phononresponsefunctiondeﬁnedas
∑ ατ
ωτ
ττ =
−
≡+ γ
γτ
βω
βω γγ
− ()
()
gD D () e
cosh i
sinh
( ) i ( ). (69)
k
k
k
2 1
2
2
2
1
k
k
k
Here τ γ D () and τ γ D () 1 arethe(damped)dissipationandresponsekernels,respectively.Intermsofthespectral
densityfunction
∑ ωδ ω ω =− Jg ( ) ( ), (70)
k
k k
2
wecanexpresstheresponsefunctionas
∫ ατ ω ω
ωτ
=
−
γ
γωτ
βω
βω
∞
− ()
()
J () d e ( )
cosh i
sinh
, (71)
0
1
2 () 2
2
whereγ ω () isthedampingrateofmodeswithangularfrequencyω.Ifthemodesarenotdamped,i.e.for
γ ω = () 0 ,werecoverthestandardresponsefunctionfromtheliterature[5]α ττ τ =+ DD () () i () 1 .
Wenotethatforthecaseofγ ω = () 0 ,i.e.whenthereisnoexternaluniverse,theresult(68)isexactly
coincideswiththewell-studiedtime-convolutionlessprojectionoperatortechnique(TCL)fromtheliterature
whentheTCLgeneratorisexpandedtosecondorderinthesystem-environmentcoupling,see[11].
Itisinterestingtonotethatthethermalizationoftheimmediateenvironmentbythewideruniverseisfully
capturedbyswitchingtotheabovegeneralizedformoftheresponsekernel(69)(withinaperturbativetreatment
tosecondorder,higherordersgiveadditionalcorrections,seeappendixB).AtT=0ourexpressionisinfull
agreementwiththepreviouslyderivedzerotemperatureresponsefunctionofthedampedspin-bosonmodel
givenin[12].Wesuggestthatthesamekernelredeﬁnitionmightalsobeapplicabletoothermethodsofstudying
openquantumsystems,givingasimplerecipetoaddingawideruniverseontopofastandardopensystem.
4.1.Example:thespin-bosonmodel
Toapplyourgeneralizedmultimodetechniquetoaparticularexample,welookatthewellstudiedcaseofthe
(biased)spin-bosonmodelwiththefollowingHamiltonian:
∑∑ ϵσ Δσ ω σ =++ + +  () aa g a a
1
2
1
2
. (72) zx
k
k k kz
k
k k k SE
††
Inthiscase,justlikefortheRabimodel,thesystemistwo-dimensionalanditsPvectorhasfourcomponents
(σσσ ,,, xyz),and
× ×◦  VV ,, S areagaingivenbyequations(55)–(57).Sincewehavealreadycalculatedthe
relaxationanddephasingratesforthesinglemodecase,showingthatthedifferentmodescontribute
independentlyforΘ t () intheweak-couplingregime,wecanimmediatelywritedownthefollowingexpressions
fortherelaxationrates:weonlyneedtoaddasummation∑k overthedifferentmodestoequations(58)–(59):
∑ Γ
βω Δ
Ω
γ
Ωω
γ
Ωω
=
+−
+
++
γγ () () () ()
g coth
2
, (73)
k
k
kk
k
k
k
relax
2
2
2
2
2 2
2
2 2 kk
⎛
⎝
⎜
⎞
⎠
⎟
⎛
⎝
⎜
⎜ ⎜
⎞
⎠
⎟
⎟ ⎟
∑ ΓΓ
βω ϵ
Ω
γ
ω
=+
+
γ ()
g
1
2
2c o t h
2
. (74)
k
k
kk
k
dephase relax
2
2
2
2
2 2 k
⎛
⎝
⎜
⎞
⎠
⎟
Wenotethat,asdiscussedattheendofsection4,inthelimitofγ → 0 k ,werecovertheknownweak-coupling
rates,see[55]orappendixC.Thesecondpartofequation(74)isknownasthepuredephasingconstant.
Belowwestudytheno-biascase,settingϵ = 0:thesystemHamiltonian( × S inourlanguage)isstatic,hence
thepropagatorUisgivenby =−
×  U t exp [ i ] S .TocalculateΘ t () ,wecanmakeachangeofvariablesinthe
doubleintegral∫∫ ∫∫ τ η ′″ =
τ
τ ′ −
tt dd d d
tt t t
00 0 2
2
togettheexpression:
ΘΘ Θ Θ Θ =+ + + tt t t t () () () () () ( 7 5 ) relax LS th RW
with
∫ Θτ τ τ Δ τ =− − γ Dt 2d ( ) () c o s
2000
0100
0010
0000
, (76)
t
relax
0
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
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−
γ Dt 2d ( ) () s i n
000 0
001 0
01 0 0
000 0
, (77)
t
LS
0
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
∫ Θτ τ τ Δ τ =− γ Dt 4d( ) () s i n
0001
0000
0000
0000
, (78)
t
th
0
1
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
∫ Θτ τ
Δ
Δτ ΔΔ
ΔΔ
=− − × −
−−
γ Dt tt
tt
2d ( )
1
sin ( )
00 00
0c o s s i n 0
0s i n c o s 0
00 00
. (79)
t
RW
0
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
Intheaboveexpression,Θrelax inducestherelaxationanddecoherence,ΘLSinducestheLamb-shift,andΘth
steersthesystemtowardsthethermalstate.ΘRW isusuallyignoredundertherotatingwaveapproximation.If
oneisinterestedintimes τ ≫ t bmuchlongerthanthememoryofthebath τ >→ D t () 0 b ,itisjustiﬁedtolet
theupperlimitoftheintegralsgotoinﬁnity.Forthiscaseitismostinsightfultoexaminethisresultinlightofthe
standardquantum-opticalmasterequationapproach:inthestandardapproach,remarkablyonegetsexactlythe
sameexpressionsastheaboveequation(75)[withoutequation(79)],butwithaninterestingchange:
τ −→ tt . (80)
Thetermswhicharenotproportionaltotcapturenon-Markoviancontributions,givinginformationaboutthe
bath’sreorganizationtime.Interestingly,eachoftheenvironmentaleffectspossessesitsowntimescale,andthese
areestimatedby
∫
∫
ττ τ Δ τ
ττ Δ τ
=
γ
γ
∞
∞ t
D
D
d( ) c o s
d( ) c o s
, (81) R
relax
0
0
∫
∫
ττ τ Δ τ
ττ Δ τ
=
γ
γ
∞
∞ t
D
D
d( ) s i n
d( ) s i n
, (82) R
LS
0
0
∫
∫
ττ τ Δ τ
ττ Δ τ
=
γ
γ
∞
∞ t
D
D
d( ) s i n
d( ) s i n
. (83) R
th
0 1
0 1
Itisnoteworthythatthereorganizationtimescanbenegative.Thiscouldhappenwhen,forexample,initiallyfor
τ ≲ t b thedephasingprocess,whichincludesanon-Markoviancomponent,ismoreaggressivethanatlater
timeswhenitassumesastablevalue.Then,astheaggressivedecaystops,thepopulationofthesystemhasfallen
byagreateramountthanitwouldhavedoneunderthestable,longliveddecayprocess.Thusthesystemappears
asifithasbeenevolvingunderthestabledephasingrateforalongertimethanitactuallyhas,andhencethe
negativereorganizationtime.Wenotethattheterms(81)–(83)inthelimitγ → 0areknownintheliteratureas
thoseleadingtotheslippageofinitialconditions,andareimportantforpreservingthepositivityofthereduced
densitymatrix[56,57].
Thesteady-stateofthesystemisgivenby
∫
∫
ρΓ σ
ττ Δ τ
ττ Δ τ
≫→ +
γ
γ
−
∞
∞ () t
D
D
1
2
1
2
d( ) s i n
d( ) c o s
. (84) x relax
1 0 1
0
AcomparisonbetweenthestandardMarkovianMasterequation,thecurrentmethodandexactnumerical
simulationforthecaseofasuper-Ohmicenvironmentisshowninﬁgure4.TheQUAPItechnique[6–8]isused
asanexactnumericalbenchmarkcurve:ourcalculationusesninekerneltimesteps,coveringatotalkernel
memorytimeof2psandisfullyconverged.ThestandardBorn–Markovweak-couplingapproachisgivenin
appendixC.Clearly,ourmethod’snon–MarkoviannatureandlackofBornapproximationresultsinan
impressiveimprovementoverthestandardBorn–MarkovweakcouplingMEapproach.Forthisparticular
comparison,sincethereisnowideruniverseinvolved,γ ω = () 0 ,thecurrentmethodisequivalenttothe
second-orderTCLapproach,whichalsodoesnotemployanyapproximationsbeyondaperturbationinthe
system-environmentcoupling.However,akeystrengthofthecurrentformulationisthatitistrivialtoincludea
wideruniverse,whichsimplyentersintheformofanexponentialcut-offtotheresponsefunction.
Wenotethatthismethodallowsustoeasilystudythecasewherethespectraldensityhasseveraldiscrete
sharppeaksaswellasasmoothbackground,whichisbelievedtobethecaseinmany(ifnotall)systemsstudied
inquantumbiology[10,58].Inthiscasetheresponsefunctionvanishesveryslowly,whichmakesanexact
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suchas[58]thisissueisresolvedbyapproximatingadelta-functionpeakinthespectraldensityasaLorentzian
withaﬁnitewidth.Wenotethatifoneallowsthissinglepeaktobedamped,theninlightofequation(62),this
modedrivesthesystemtoaneffectivetemperaturedifferentfromtheinitialtemperatureoftheenvironmentT.
HencereplacingdiscretemodeswithLorentziandistributionsaddedtoacontinuousspectraldensitymayinsome
parametersregimesbecomeaquestionableapproximation.Bycontrast,theadditivepropertyofmodestothe
inﬂuencefunctionalΘ t () hereallowsustocombineadiscretesetofmodeswithasmoothbackgroundbytaking
ΘΘ Θ =+ ttt () () () . ( 8 5 ) smooth discrete
Asanexampleforthis,letusstudythespin-bosonmodelwithasmoothbackgroundofoscillatorsplusa
morestronglycoupleddiscretepeakoffrequencyωs intheenvironment.Wesingleoutthispeakandlabelit
henceforthwithasubscripts,writingthesystem-environmentHamiltonianas
∑∑ ϵσ Δσ ω ω σ =++ + + + + +  () () aa aa g a a g a a
1
2
1
2
. (86) zx
k
k k ks s sz
k
k k k s s s SE
†† ††
⎛
⎝
⎜ ⎜
⎞
⎠
⎟ ⎟
Inﬁgure5westartwiththesysteminitsgroundstateandplottheexcitedstatepopulation ρ xx asafunctionof
time,forthecaseswherethesystemisonlycoupledtoasmoothenvironment( → g 0 s ),onlycoupledtoasingle
mode( → g { }0 k ),andforthecombinedcase.
Duetothenon-Markoviannatureofthismethod,weareabletocapturetherevivaleffect[59]fortheRabi
model.Theserevivalscanbedampedviaacombinationoftwomechanisms:eitherthemodeitselfiscoupledtoa
widerenvironmentdampingit,ortheremightbeanadditionalcontinuousbathdirectlydampingthesystem.In
ﬁgure6weplottheﬁrstcase,wheretheenvironmentconsistsofasingledampedmode.Thedampingofthe
modeinducesrelaxationrategivenbyΓ= 1 equation(58).Wealsoplotthedecayenvelope Θ = + t exp ( )
1
2
1
2 relax
forthiscase,aswellasthedecayenvelopeproducedbycouplingofthesystemtoacontinuousbathandno
Figure4.Acomparisonbetweenthedynamicsgivenbyequation(18)(solid),standardBorn–Markovweak-couplingmasterequation
approach(dashed)giveninappendixC,andexactQUAPIsimulationofthemodel(dotted).Fordetailsofthecalculations,seemain
text.Theparametersforthisﬁgurearetakenfrom[62]:Δ π = − 2p s 1,γ ω = () 0 ,ϵ = 0, = TK 50 , ωα ω = ωω − J () e 3 c
2 2
,
α = − 0.00675 ps 2,ω = − 2.2 ps c
1.
Figure5.Acomparisonofquantumdynamicsinatwo-levelsystemthatiscoupledindividuallytoasinglemode,ortoacontinuous
bath,ortoacombinationofthetwo.Theparametersusedherearethesameastheonesofﬁgure4,butwithasmallercoupling
α = − 0.0027 ps 2,andwithanaddeddetunedsinglepeakaccordingtoHamiltonian(86)with = − g 0.1 ps s
1,ωΔ = 1.02 s .The modeis
dampedwithrateγ = − 0.05 ps s
1.
12
NewJ.Phys.17(2015)023063 AFruchtmanetaldampingonthemode,choosingparameterssuchthattherelaxationrateinducedbythebathequation(74)isequal
toΓ 1.Thisseconddecayenvelopeisthengivenbytheexpression ΘΘ ++ tt e x p[ () () ] .
1
2
1
2 relax
single mode
relax
smooth We
notethatthesecondcaseyieldsanexponentialenvelopetothedynamicsfortimes ≫ t t
R
relax,whileforasingle
dampedmodewithdampingrateγ,theenvelopeonlybecomesexponentialfortimes γ ≫ t 1 ,whichcouldbe
muchlonger.WenotethattheLamb-shiftgivenbyequation(77)alsodiffersbetweenthetwocases,albeitinthe
plottedparameterregimethisdifferenceisverysubtleandnotshown.
5.Discussionandconclusion
Wehaveintroducedanovelmethodforstudyingaubiquitousopenquantumsystemsproblem.Ourapproach
differentiatesbetweentheimmediateenvironmentofthesystemofinterestandawideruniversewhich
effectivelyservesasaheatbathforthisenvironment;thishierarchyofenvironmentscorrespondstomany
practicalsituationsandis—remarkably—accomplishedbyasimpleredeﬁnitionoftheresponsekernel.The
expressionsresultingfromourmethodareeasytoevaluatenumerically,andscalefavourablywithincreasing
systemsize.Moreover,themethodstillleadstosolubleequationswhenthesystemofinterestpossessesageneral
timedependentHamiltonian.
Whilstourmethodislimitedtotheweakcouplingregime,itperformsfavourablywhencomparedwith
traditionalBorn–Markovweakcouplingmasterequations.Itsapproximateanalyticalexpressionsscalewell
withincreasingsystemsizeandpermitvaluablephysicalinsight,incontrasttosomenumericallyexact
approaches.Likemanyrecentdevelopmentsintheﬁeldofopensystems,seee.g.[38,49,60,61](andwiththe
notableexceptionof[26]),wedonotpresentlyhavestringentcriteriademarcatingitspreciseregimeofvalidity,
whichmustthusbeestablishedbycomparisonwithexactnumerics.Asageneralguideline,however,our
techniquecanbeexpectedtoperformwellwheneverotherweakcouplingapproachessuchasthetime-
convolutionlessortheNakajima–Zwanzigprojectionoperatorexpansions[5]arevalidforthesystem-to-
immediate-environmentcoupling.Asanadditionalcriterion,ourtreatmentofthewideruniverse(ifpresent)
assumesthatγ ω ≪ k k,i.e.eachmodeisweaklycoupledtoitsheatbath.
Wehavebenchmarkedourtechniqueagainstthewell-studiedspin-bosonmodelandtheRabimodel,
ﬁndingitleadstoexpressionsthatareindeedhighlyaccuratewhencomparedwithnumericallyconverged
solutions.ThisremainstrueevenforcouplingstrengthswhereaconventionalstandardsecondorderBorn–
Markovmasterequationbeginstoperformspoorly,andexactlyrecoversthetime-convolutionlesssolution
whennowideruniverseispresent.Forcaseswhenthesystem-environmentcouplingisnotsufﬁcientlyweakfor
thesecondorderexpansionoftheinteraction,weprovideanexplicitrecipetocalculatehigherordersinthe
perturbationseries.Perhapsauniqueadvantageofthisapproachisthatthesetwomodels,i.e.theRabiandthe
spin-bosonmodelscaneasilybecombinedevenforlong-timedynamics.Thismakesourmethodeminently
suitableforstudyingtheexcitonenergytransferinphotosyntheticorartiﬁcialmolecularsystems,sincethe
couplingoftheexcitonicdegreeoffreedomtoboththevibrationalquasi-continuumofthewiderprotein
scaffoldingaswellastospeciﬁclocalizedvibronicmodesisbelievedtobeofcrucialfunctionalimportance.
Figure6.LongtimepopulationofaTLS(blue),illustratingtherevivalswhichoccurwhenadiscretesystemiscoupledtoasingle
(damped)oscillatormode.Thecorrespondingrelaxationenvelope(purple)andthatofanundampedmodebutwherethesystemis
coupledtoabath(yellow)arealsoshown.Here,wehavechosenabathcouplingstrengthtoobtainthesameaveragerelaxationratefor
bothcases(see inset),eventhoughthisdoesnotbecomeapparentduringtheﬁrsttworevivals.Theparametersinthisﬁgureare
chosentoshowrevivals,sothatthemodeisalmostresonantwiththeTLSandthedampingisweak,Δ π = − 2p s 1,γ = − 0.001 ps 1,
ϵ = 0,ωΔ = 1.05 s , = − kT 6.546 ps b
1,and = − g 0.1 ps s
1.Theinsetshowstherelaxationexponent θ − t () relax withthesameparameters
asthemainﬁgurebutincreasedγ = − 0.01 ps 1.Hereitbecomesapparentthattheaveragegradient,i.e.averagerelaxationrate,is
matched.Thedashedcurveoftheinsetisforreference,indicatingthefrequencyofrevivalsbysettingγ = 0.
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AppendixA.Multiplemodes
WestartfromHamiltonian(1)andequations(64)–(67),andlookatthecasewhereallofthemodesarecoupled
inthesamemanner(sameVoperator)butwithdifferentstrengthsgk.Formultiplemodesthedensitymatrixis
representedbyequation(16),andtheoperatorcorrespondencebetweenρand ⃗ P is:
ρρ ρ
∂
∂
=− + ↔
t
HD i[ , ] ( ) (A1)
∑
∂
∂
⃗ =− + ⃗ + ⃗ ×  () t
PL P g A k P i( ) , ( A 2 )
k
k g S
wherenow
∑ ωγ
α
αω γ
α
αγ
αα
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∂
∂
++
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∂
+
∂
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i
2
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⎦
⎥
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=− βω − N (e 1) k
1 k andγ γω = () k k isthedampingrateofmodek.ThematricesAg(k)aregivenby
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α α
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Assumingallofthecouplingsgkaresufﬁcientlysmall,attheorderof∑ ∼ g g k k ,wecanrewriteequation(A2)to
become
∑
∂
∂
⃗ =− + ⃗ + ⃗ ×  () t
PL P g g A k P i ˜ () ( A 8 )
k
k g S
⎛
⎝
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⎞
⎠
⎟ ⎟
with = g gg ˜ k k.Nowconsidertheperturbativeexpansion
=+ + + ⋯ PP g P g P ,( A 9 ) 01 2 2
sothatequation(A8)translatesto:
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0isthenequivalenttothesinglemodecase,andisgivenby(assuminga
factorizedinitialstate):
∏ ρ
π
= α − Pt U t
N
() () ( 0 )
1
e . (A14) s
k k
N 0 kk
2
Weassumethatα α ⟶
α→∞
P () 0 k
l n forallknl ,,forthesamereasonsgiveninthemaintext.Performingthe
integration∫α onequations(A11)–(A13)yields
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wherejustasbefore, × V istheequivalentof □ V [, ] andisgivenbyequation(42),andtheinitialconditionis
∫ ==
α
> Pt (0 ) 0 n 0 ,i.e.attimet=0thesystemandtheenvironmentwerefactorized.Theﬁrstcontributionin
theexpansioncomesfrom∫ ≠
α P 0 2 ,whichis2nd orderinthecouplingconstantg.Inordertosolve
equation(A16)weﬁrstneedtoevaluatetheexpression∫ αα +
α P () k k
* 1foreachk,whichisaccomplishedby
multiplyingequation(A11)byα ′ k orα ′ k
* fromtheleft,andthenperformingthe∫α integral.Asaconsequence,all
ofthetermsinthesumwithindex ≠ ′ kk vanish,andweareleftwith
∫∫ ∫ αα α
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1
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andacorrespondingequationforαk
*.Crucially,thereisnosumoverkhere,whichmeanseachkgivesriseto
exactlytwoequationsofthetypeofequations(45)and(46),whichwehavealreadysolved.Theﬁrstnon-
vanishingtermishencegivenby
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whichisjustequation(47)withanaddedsumoverallmodes,andwhere
×◦ V ˜ , aregivenbyequation(48).From
herewecontinuetoequation(68).
AppendixB.Higherorderscalculation
InthisAppendix,weshowhowtocalculatehigherordersoftheinﬂuencefunctionalΘ t () deﬁnedin
equation(18),wherethemaintextonlygivesthe2nd orderexpression.Wealsoshowthat,inanalogytothe
knownresultofthenon-hierarchichalcase[5],alloftheoddordersvanishwhentheinitialstatefactorises
ρ ρρ =⨂ (0) (0) s E
th.
Westartbygivingaformalexpressionofthequantity
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where ττ ρ U Sa b ( ) ({ }, { }; ) (0) ni i
s istheRHSofequation(B2).UsingthedeﬁnitionofAg(equations(A4)–(A7))
wegetthefollowingexpressions:
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IntheaboveexpressionweusedV t ˜ () whichisdeﬁnedbyequation(48),andthesloppynotation
χχ −= ⋯ − ⋯ ⋯ at a a b bt ( 1; ) ( , , 1, , 1, 2, ; ) n k n k 1 .Complementedbytheinitialcondition
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wecaninprinciplegettheexpressionforequation(B1).Fromexaminationofequations(B3)–(B5)itisevident
thatif + ∑ + n ab () i ii isodd,then
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functionalΘ t () as
ΘΘ Θ Θ =+++ ⋯ t ggg () ( B 7 ) 2
2
4
4
6
6
with
Θχ = t (0; ), (B8) 2 2
Θχ
Θ
=− t (0; )
2!
,( B 9 ) 4 4
2
2
Θχ
ΘΘ ΘΘ Θ
=−
+
− t (0; )
2! 3!
, (B10) 6 6
24 42 2
3
Θχ
ΘΘ ΘΘ ΘΘ ΘΘΘ ΘΘΘ ΘΘΘ Θ
=−
++
−
++
− t (0; )
2! 3! 4!
, (B11) 8 8
44 62 26 244 424 442 2
4
etc.Hereweused χχ == = ta bt (0; ) ({ 0}, { 0}; ) ii.
AppendixC.StandardBorn–Markovweak-couplingmasterequation
InthisAppendix,wefollowtherecipegiveninchapter3of[5]inordertoderivethestandardBorn–Markov
weak-couplingmasterequationthatisoneofourbenchmarksthroughoutthepaper.WestartfromtheRabi
Hamiltoniangivenbyequation(54),ignoring =  0 EU fornow.Withthesuitablechangeofbasiswecanwrite
thisHamiltonianas
Ω
σω
Ω
ϵσ Δ σ σ =++ + + + +−  () ( ) aa
g
aa ˜
2
˜˜ ˜ ˜ , ( C 1 ) Rx x
†† ⎡
⎣
⎤
⎦
wherethetildedenotesthenewbasis,σ± ˜ aretheloweringandraisingoperators,andΩϵ Δ =+ 22 istheRabi
frequency.Adoptingthenotationfrom[5],wehave
Ω
Δ
Ω
σ ±= ± Ag () ˜ , ( C 2 )
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ThisdeﬁnestheLamb-shiftHamiltonianas
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uptoaconstantthatdoesnotaffectthedynamics.Thedissipatorisgivenby
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andthedynamicsofthesystemisthengovernedby
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Fromtheaboveexpressionwecanextracttherelaxationanddephasingrates,obtaining
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Atthispointwecaneasilycalculatetherelaxationanddephasingrates,aswellastheLamb-shiftHamiltonianfor
thespin-bosonHamiltonianfromequation(72),simplybutsummingoverthecontributionsfromeachmode
ofthebath.Intermsofthespectraldensityequation(70),theratesarethengivenby
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